Direct measurement of concurrence via visibility in a cavity QED system 
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An experimental scheme is proposed that allows direct measurement of the concurrence of a two- 
qubit cavity system. It is based on the cavity-QED technology using atoms as flying qubits and 
relies on the identity of the two-particle visibility of the atomic probability with the concurrence 
of the cavity system. The scheme works for any arbitrary pure initial state of the two-qubit cavity 
system. 



The question of how to detect the presence and amount 
of entanglement is one of the central issues in quantum 
information science. There exist theoretical criteria and 
measures such as the positive partial transpose (PPT) 
criterion entanglement of formation Q and con- 

currence [J| that, in principle, allow one to determine 
the presence and amount of entanglement. It is, how- 
ever, difficult to observe such criteria and measures ex- 
perimentally. The PPT criterion involves a nonphysical 
operation of partial transposition (complex conjugation) 
of the density matrix elements, while the entanglement of 
formation and the concurrence are complicated nonlinear 
functions of the system state. One is thus led to think 
that one may have to rely on the technique of a full tomo- 
graphic reconstruction of the quantum state to measure 
the entanglement of an unknown quantum state. This 
technique, although successfully implemented for small 
systems [a Q , is highly inefficient and difhcult especially 
for large systems, as a large number of observables need 
to be measured. The question naturally arises whether 
entanglement can be estimated without having to fully 
reconstruct the unknown state. It has been shown that 
the answer to this question is yes at least for the case of 
pure two-qubit states 7, 8], although, even in this case, 
more than one observable need to be measured. 

In recent years, several methods [§, [l^, [HI, [13, [III 
have been proposed for detecting and measuring entan- 
glement without a full reconstruction of the state; e.g., 
the method ^ based on the technique of minimal and 
optimal tomography [3, [Ts l p erformed on one of the 
entangled pair, the method [ld| based on entanglement 
witness flw, ^VT\ which was realized experimentally [3], 
the method 11, 12] based on PPT criterion [l|,[2], and the 
method lj| based on two-particle interferometry [T9l.[20|. 
These methods, although much simpler than the full 
state reconstruction, are not completely free of experi- 
mental difficulties, as they require either controlled uni- 
tary operations or some prior knowledge about the quan- 
tum state in question, or they can detect entanglement 
but not measure its amount. 

Very recently, direct measurement of the concurrence 
of a two-photon pure entangled state was demonstrated 
experimentally using linear optical means [2l[. The ex- 
periment is based on the realization [l^l that entangle- 



ment properties are well captured by the expectation 
value of a certain Hermitian operator with respect to 
two copies of a pure state. As such, this method requires 
measurements on two copies of a state. It also requires 
CNOT operations. Application of this method to matter 
qubits (atomic systems) has also been considered f23j . 

In this paper we propose a cavity- QED-based scheme 
of directly measuring the concurrence of a two-qubit cav- 
ity system. The scheme works for any arbitrary pure 
state of a two-qubit cavity system even when no prior 
knowledge about the state is given. The scheme derives 
from the realization that the concurrence coincides with 
the two-particle visibility under suitable interferometric 
setups, which in turn derives from previous theoretical 
investigations [H, [H [H, [H [H [g^, [H [H, [s^ that 
revealed complementarity between one-particle and two- 
particle interferences and consequently intimate relations 
between two-particle interference and the concurrence. 




FIG. 1: The scheme for single-particle interference. A two- 
level atom prepared in its ground state passes successively 
through cavity A, a dispersive interaction region and cavity 
B. The interaction times of the atom with cavities A and B are 
chosen such that they correspond to a 7r-pulse and a -l-pulse 
interaction, respectively. The dispersive interaction changes 
the relative phase of the atomic states by "1>. 

Before describing our proposed scheme, we briefly re- 
view the scheme shown in Fig. [l]that was considered by 
Zubairy, et al. [Slj in their investigation of the quantum 
disentanglement eraser. In this simple scheme, the con- 
currence can be directly measured from the visibility for 
a specific class of entangled state. 

We consider two cavities A and B that are prepared in 
an entangled state 
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fer to the vacuum and single photon state, respectively, 
of cavity A(B). A two-level atom with the upper level 
|e) and the lower level \g) passes successively through 
cavity A, a dispersive interaction region and cavity B as 
shown in Fig. [TJ We assume that initially the atom is 
prepared in state \g). The interaction time between the 
atom and cavity A is chosen such that it corresponds to 
a TT-pulse interaction. The interaction then plays the role 
of the swapping operation between the atomic state and 
the state of cavity A. The dispersive interaction shifts 
the phase of the atomic state by $ if the atom is in |e). 
It thus operates as a quantum phase gate [H, HI] for the 
atom. The interaction time between the atom and cavity 
B is chosen such that it corresponds to a -l-pulse inter- 
action. This interaction operates as ^ rotation about X 
axis for the two states |(7)|1)b and |e)|0)s. It follows 
that, after the atom passes through cavity A, the disper- 
sive interaction region and cavity B, the final state of the 
system is given by 
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From Eq. ^ we find that the probability to find the atom 
in the upper state |e) is given by 



2\al3\cos{^-ea + 0b)). 



(3) 



The probability Pe exhibits one-particle interference 
fringes, analogous to those of the double-slit pattern, 
which arise from the fact that there are two possible paths 
for the atom to end up in |e); it can absorb a photon and 
makes a transition to |e) in cavity A or in cavity B [sij . 
The visibility of this interference pattern is 2|a/3|, which 
coincides with the concurrence of the initial cavity state 
ofEq. g]). 

The scheme described above is simple and the analysis 
is easy. However this scheme is incapable of measuring 
the concurrence for a more general entangled state. Be- 
low we discuss a somewhat more complicated setup that 
is capable of measuring concurrence of an arbitrary pure 
entangled state for the two-qubit system. 




FIG. 2: The proposed scheme to measure the concurrence 
of a two-qubit cavity system. Atoms 1 and 2 are prepared 
in their ground state. They each pass through a cavity, a 
dispersive interaction region and a Ramsey zone, with the 
interaction times in cavity and the phase shifts generated in 
the dispersive interaction region and the interaction time in 
Ramsey zone as denoted in the figure. 

Our proposed scheme is shown in Fig. (5] Atom 1(2) in 
state 13)1(15)2) passes successively through cavity A(B) 



with a TT-pulse interaction time, a dispersive interaction 
region changing the relative phase of the atomic states 
by $i($2), and a Ramsey zone Ri(R2) with a 26*1 (26'2)- 
pulse interaction time. The initial two-qubit state can be 
chosen to be any arbitrary state, 

IV)^ = a\0)A\0)B + mA\l)B + 7|1>a|0)b + (5|l)A|l)i3.(4) 

A scheme to generate an arbitrary two-qubit cavity state 
was presented in [33 |. 

Straightforward algebra yields that, after the series of 
interactions depicted in Fig. [21 the final state of the 
system consisting of atoms 1 and 2 and two cavities A 
and B becomes 



1^)/ = \0)a\0)i 



iA\g)i\g)2 + B\g),\e)2 
+ C\e),\g), + D\e)i\eh) 



(5) 



where the coefhcients A, B, C and D can be expressed in 
a matrix form as 




Ml (g) M2 




(6) 



and the matrix AIj{j—l,2) is a 2x2 matrix which de- 
scribes the series of interactions that atom j experiences, 
i.e.. 
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Following the previous investigations [l9|, |20|, |25| we 
consider the corrected joint probability Peie2 defined as 



P — P 
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where Peie2 is the final joint probability of finding both 
atoms in the upper level |e)i and |e)2 after atom 1 and 
atom 2 pass through their respective interaction regions, 
and Pej(Pe2) is the probability of finding atom 1(2) in 
the upper level |e)i(|e)2) regardless of the state of atom 



2(1). Since P^.e, = \DY , Pe 
\B\^ + we have 
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For any arbitrary complex coefficients A, B, C and D, 
we have 



- \AD-BC\ < \A\\D\ 
We thus can write 



|P||C| < \AD-BC\. (10) 



\AD~BC\{\A\\D\ + \B\\C\) 
< \AD - BC\{\A\\D\ + 



1 



< P, 



4 

B\\C\) 



eie-2 
1 

4' 



(11) 



3 



Since \A\\D\ < 1{\A\^ + \D\^) and < 1{\B\^ + \C\^), 

we have 

Substituting incquahty p2p into inequahty (IllD . we ob- 
tain 

Since the system undergoes unitary transformations un- 
der our experimental setup of Figl2l and since the con- 
currence is preserved under unitary transformations, we 
have 



2\AD-BC\ =2|a(5-^7|. 



(14) 



In fact, we obtain, through direct calculation using 
Eqs.® and ©, 



AD-BC = -e'(*i+*^)(a(5 - Pj). 



Ea. (jl3)) can thus be written as 



l-2\aS~p-f\ 



< P < 

^ eie2 — 



l + 2\a6~ p-f\ 



4 - "-'"■^ - 4 

which immediately yields, for the visibility, 
V^2\aS- . 



(15) 



(16) 
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Thus the visibility of the two-particle fringes is the same 
as the concurrence of the initial state of Eq.(l4]). Hence, 
our proposed system of Figl2] provides a way to measure 
directly the concurrence of a two-qubit cavity system. 

The actual implementation of our scheme to deter- 
mine the two-particle visibility requires repeated rounds 
of experiments, because the maximum and minimum 
values of the probability Peie2 ^-re to be found as the 
four angles 9i, 62,^1 and <I>2 are varied. One needs to 
adopt a well-organized search routine to quickly find one 
set of angles {Oimax,02max,^iniax,^2Tnax) and another 
set {Oimin, d2rmn, ^imm, ^2min) at which the probabihty 
Peie2 takes on the maximum and minimum values, re- 
spectively. Otherwise, the number of runs of experiments 
that one needs to take may be quite large. If, however, 
some information about the initial state is given prior to 
the experiment, then the experiment can be made much 
less demanding. For example, let us consider the case 
when we know that all the coefficients a, /?, 7 and S of 
Eq.(|3]) are real, i.e., when a = a, f3 = b, j = c, S = d and 
a, b, c and d are real. Through straightforward calcula- 
tions using Eqs.®, and Q with a — a, (3 — b,-f — c 
and 5 = d, we obtain 



P. 



[{ 2(ad-f 6c) cos 26*1 cos 26*2 
+2{ac - bd) cos $2 cos 26i sin 2^2 
+2{ab - cd) cos $1 sin 29i cos 2^2 
+ [(a2-t-d^)cos($i-f $2) 



{b- 



2{ad - 6c) + 1 ] /4. 



) cos($i - $2)] sin 26*1 sin 26I2 } 



This probability is bound, according to Eq. p^ . by 



l-2|ad-6c| ^- ^ l + 2|ad-6c| 

-: S ^6162 s -. ■ i-Lyj 



It is then immediately clear that the probability Peic 



has the maximum value 



l+2\ad-hc\ 



when 26*1 = 26*2 



and $1 = — <I>2 = ±?- and the minimum value - 



-2\ad—bc\ 



(18) 



when 26*1 = 26*2 = f and $1 = $2 = ±f • (Here, ad > be 
is assumed. If ad < be, then the angles at which the max- 
imum and minimum occur should be interchanged.) In 
this case of real coefficients, there is therefore no need to 
run a search routine. One can fix the angles, for example, 
at 29i — 202 — ^ and $1 — —$2 = f and run the exper- 
iments to find (Peie2)i- Another round of experiments 
should be performed at 29i = 26*2 = f and $1 = $2 = f 
to obtain (^6162)2- The visibility can then be obtained 
from the two probabilities (^6162)1 and (Peje2)2, because 
we know that the larger and smaller of the two are the 
maximum and minimum values, respectively, of the prob- 
ability Peie2- 

If, in addition to knowing that the coefficients are 
real, we know that 6=c=0, i.e., if we know that the 
state is given in a Schmidt-decomposed form, a|0)A|0)B-|- 
d|l)yi|l)B, then further simplification of the experiment 
is possible. In this simple calculation yields 

that the maximum of the probability Pe^e^ occurs at 
26*1 = 2^2 = f and $1 + $2 = and the minimum 
at 29i = 26'2 = f and $1 + $2 = vr. (Here, ad > is as- 
sumed. If ad < 0, then the angles at which the maximum 
and minimum occur should be interchanged.) Hence, in 
this case, one round of experiments can be performed at 
201 = 202 = f and $1 = $2 = 0, followed by another 
round of experiments at 26*1 — 26*2 — ^, ^1 = tt and 
$2 = 0. Since $2 = in both rounds of experiments, the 
dispersion interaction region for atom 2 is not needed. 

In conclusion, we have shown that the scheme we pro- 
pose here allows direct measurement of the concurrence 
of a two-qubit cavity system. It only involves standard 
cavity-field-atom (7r-pulse time) interactions correspond- 
ing to swapping operations, dispersive interactions corre- 
sponding to quantum phase shift operations (Z rotations 
on the Bloch sphere) and Ramsey zones corresponding to 
single-qubit rotations (X rotations on the Bloch sphere). 
Thes e op erations have been demonstrated experimen- 
tally m, and therefore our proposed scheme can 
be realized within the present cavity-QED technologies. 
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